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A(;M  ‘1’OMS Algorithm  7 2 3 :  }f}est~ell ~~tcgralsl }a.~t,ecrl  iroprovedtcr  provide  rllore~]reciscrcs~llts
for x >>0.
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Concernitlg  evaluation of Frcsllcl CositLc ald Sine integrals C(x)  and S(x) fcw
x > 1.6, the last scntencw in tllc dcxri~)tioll  of A]gorithtn  723 [Snyder 1993] states
‘Ijxtcmsive  accuracy tcsti~lg would Sirn]  )Iy have validated the trigollornctl  ic function
routines. ”

Alfrecl  }1. Morris, Jr. hascorrcctly~  joirltccl  out that tlicprcrccdurcsd  cscril)cctin
[S~,yctcr 1 993] to coxn~mtc C(x) allcl S(z)  for x >1.6 require coml~utitlg  sin 7cx2/2
ancl cosfix2/2  l’hus  the quotccl statement txgs the cluestion whether one might
compute these  tri.gonolnetric  functio~ls  mom accuratdy than can he CIOJIC  by naive
a~J1)lication  ofthc Fortrarl  i~ltrinsic trigollc)rllctric f[llldio]l  routi)lcs,  when x islargc.

~’heanswcris  i~) thcaffinnativc. Ily separating into itsinte.gor  and fractional
~)arkonc  can co~tl~>llte  tllcsefllllctic]  ~ls wit])  substarltially  better accuracy.

I,ct  x =- 71+ f whcrcn  Z= 1*J, and let n = 2k-1 j, whcrcj  i s  ?tInod2. ‘1’llen

s i n  7rx2/2 = sin n(4k2 -1 4kj + j2 + 4~:j + 2jj + j2)/2. IJy a~~plication of sitnl]lc
trigonometric identities, one observes that. this is equal to sill 7r(2kj  -t j2/2) or
cos 7r(2k~ + j -1 j2/2), depending 01) whether  j is zero 0: 011s2, rcspcctivdy.  I,ctting
k~ = 772 -f g, whore 771 =- [kjJ,  sitl nx2/2 t)ccomm sin 71(29  -t j2/2) or cos7r(2{g  -1 j +
j2/2), depending on wllctller  j is mm or OI,C, rcsI)cctivcly. A similar dcvdoplncnt
may be used to iml)rovc computation of cm n X2 /2.

in the procedures of A1.e;oxithm 723, wc have replaced usage of l“or~ran intrimic
tri,gonolnctric  function routilLcx to calculate sin 7rx2/2 arid cos 7rz2/2 by usa:,c of
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routines that iml)lmncnt  these ideas. A wviscd  al~orithtn  ILas  hemt suh~nitted  to
the ACM Algoritllln  IJistribution  Service.

1. TESTING

WC tested the accuracy of the single ]Jlccisiml  procedures of Algorithm 723, and tlic
~woccdures  of the revised algorithm, ill co~~ll]uting  C(IOT) and S(l OT), by sul]divid-
ing each of the ran~;es  O < x ~ 6, 6 < x ~ 12, and 12 < x < 18 into 20000 equal
illtcrvals,  choosing a value of z frc)ln a uniform pseudo-ratldom disttibutioll over
each interval, and comparing the result  to one co]I]IJutcd  by the douhlc  l)rccisioll
ljroccdurcs  of Algorithm 723.

q’cst  values  were calculated using; lkl;}t forlnat  32-bit floating  point  ]LuInbcr’s;
reference values were calculated using, 1 Itl’;Pj for)nat  f_34-t]it  floating l)oint r]ulnbcrs.

I,et  A be absolute  error,  U the m 101 ]ncasurcd i~l 111,1’,  }; t}[c cxponcnlt of tllc
floating-~  )oint result, j the fraction  of tlm floatitlg-I)oint  result (assumed to be
normalized) ,  r the raclix of floati~~:;-p[)i~!t ]]umbcrs and v the XIuInl)cr of base-r
digi ts  in  j. q’hen  U =: A/r ‘;- “. l’hc lnore familiar relative error IL? (in multiples
of rV) =-. [J/f. Since ill a ]Lormalizcd I]asc-r floating- ~mint  number, 1 /r ~ j < 1,
[J < R < rU.

III the following tabular su]nmarics, the hcadillg b hits inconect i n d i c a t e s  the

numt)er  of low-order bits of the result that were irlcorrectly  ccmlImtcd. h = [lOF;z  U].

r

Sulon~ary  o f  crrot  ‘–colnmitted by S(T) iu Algorithm 723, M publis}mi.

J
2

35.7
18.8
1?.7

IWcmit  c,f sari

1

25.5
14.8
10,8

errors cotnll

2

24,0
20.1
15,6

k with b bits irtcorlect

3

11.5
23.6
’21.9

4 ~

““II

‘6 7

3.1 0.’2 0
16,6 5.8 0.4 0
22.8 13.2 3.0 0

t ‘-’
Stilnrnary- ,tecl  by rcvisccl  Algoriti,rn  723

[ }’crc;j,t  c,f sa,,,l,les  c,f (3(z) I I’cr;ct,t of sam{,les  of S(T)

Iz%,”: “L!!“i‘!”1-: ‘i: ‘i i i. “;
wit}i b bits il]corwct

Clearly, the revised lmoccclurcs  ~)rovidc  a sutjstantial i!nprovclnclLt.
q’hc Ilj;clificaticnls  c(cscribccl  hcie  allow us to change the fcmnula I*1 > 2.0/p]f2

in the last paragraph 0]1 l)aF;c  453 of [Sllydcr  1993]  to Ixl > 2.O/p.
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